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Abstract: The development of medium-term (days to years) probabilityforecasts is be-
coming an increasingly important and realistic task in connection with many geophysical
and other risks. In this talk I address two closely related issues which arise in connection
with the development and assessment of probability forecasts for earthquakes, although
similar issues arise in many other contexts where the eventsto be forecast can be for-
mulated in point process terms. The first issue concerns the inherent predictability of a
given stochastic model. This turns out to be closely associated with entropy, or entropy
rate, of the process, with the constant rate Poisson processrepresenting the maximum
entropy model in the point process context, and other processes being assessed by their
performance relative to that model. The assessment of probability forecasts can then be
thought of as an attempt to estimate their entropy rate relative to a Poisson process. This
leads to a natural score statistic, the ’entropy score’, which can be thought of as the aver-
age ’probability gain’ for the forecasts, equivalently as amean likelihood per event. This
scoring method can be compared with more traditional scoresbased on reduction of the
forecasts to a 2 x 2 table of successes and failures relative to the actual occurrence or
non-occurrence of forecast events.
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1. Introduction

The aim of this paper is to informally describe the mathematical and statistical back-
ground to some issues which have become increasingly important in the field of earth-
quake prediction.

Earthquake prediction is a term used with considerable caution by present-day seis-
mologists. Several decades ago, hopes were unduly raised bya combination of observa-
tions and emerging theories that seemed to suggest that genuine and reliable precursors
to large earthquakes were to hand. Alas. The observations proved hard to repeat, the
reliability of the proposed precursors proved to be low if not negligeable, and the theo-
ries were superceded or abandoned. The profession of seismology was shamed, money
for research on earthquake prediction dried up, and prediction became, and still largely
remains, a word better to be avoided.

Such high quality data demands a corresponding quality in the statistical modelling
and analysis. From being an aspect of the theory which, to quote Jeffreys (1939) ’is
quickly forgotten or altogether disregarded in physical theories.’ the probabilistic (or ’er-
ror’) term in models for earthquake occurrence became a principle subject of study. It is



recognized that our knowledge of the underlying physics, atleast at the level of predicting
individual events, is still very limited, and that any realistic attempts at forecasting must
be associated with error statements or some explicit modelling of the uncertainties. From
being a fringe topic, probability forecasting has become a new focus of attention in seis-
mology, with new initiatives, including internationally supported analysis centres, set up
to receive and evaluate proposed forecasting schemes. If ’earthquake prediction’ is out,
long-term, medium-term and even short term probability forecasting is coming in.

Probability forecasts have not proved easy to sell to the general public or to manage-
ment or to politicians. They require some kind of commitmentto long-term strategies
whose immediate effectiveness may not be apparent. There are major issues concerning
the best way to present probability statements about futureevents, and their real useful-
ness in decision-making. But I do not want to touch on these issues here. Rather I want
to consider the mathematical issues of developing and assessing probability forecasts for
earthquakes and other phenomena which can usefully be represented as ’point processes’
- events which occur in time and space, which may have other attributes of importance
such as size and orientation and even duration, but for whichthe interoccurrence times are
large compared to the durations, so that each event can be associated with a single point
on the time axis.

2. Predictability of point process models

In a practical situation, forecasts will need to take into account not only the time of the
event, but also its magnitude, location, and possibly otherfeatures. We shall treat the mag-
nitude and location as marks, so that in principle the model we have in view is amarked
point process, {tn, xn, Mn}. From a practical point of view again, forecasts are made for
discrete time intervals (day or month or year, etc) and finitedivisions of space and mag-
nitude. Thus the forecasts will take the form of a grid of probability statements{p̂k,x,m}
governing the occurrence of an event in each cell(k, x, m) of the grid (Gerstenberger,
Wiemer, Jones and Reasenberg, 2005).

Underlying the performance of the model, however, are properties of the process in
continuous time, and conceptual analysis is better done forthis continuous model than
for a discrete model with arbitrarily chosen divisions of the underlying variables. When
the conceptual model is in place, the results for any discretized forecasting scheme can be
worked out in principle, using a combination of numerical and simulation techniques.

The key to forecasting the behaviour of a point process is itsconditional intensity
λ∗(t), giving, in loose terms, the immediate risk of an event occurring in (t, t + dt) given
the past history of the process up to timet:

λ∗(t)dt = E[dN(t) | Ht], (1)

whereHt is thehistory(σ-algebra) of the process up to timet.
In a renewal process,λ∗(t) is just the hazard function of the distribution of inter-event

times, evaluated at the elapsed time since the last-occurring event:

λ∗(t) = h(t − tlast) =
g(t − tlast)

1 − G(t − tlast)

whereg andG are the density and distribution functions, respectively,of the inter-occurrence
time distribution.



In more general point processes,λ∗(t) can still be interpreted as the hazard function,
but conditioned not only on the elapsed timet−tlast but also on knowledge of the previous
history up untiltlast.

This interpretation makes it relatively straightforward to design simulation routines
for point processes when the conditional intensity is knownexplicitly as a function of the
past history. These simulation schemes can then form the basis of forward predictions:
at any time pointt the process can be simulated forward in time, based on the history
up to timet, and the probabilities of future events or combinations of events assessed as
averages over a large number of such simulations. Examples and further discussion can
be found, for example, in section 7.5 of Daley and Vere-Jones(2003), and in the point
process section of SSlib (Brownrigg and Harte, 2005).

If the point process is marked (ie an MPP), with marksκ (space and magnitude in the
earthquake context) then the conditional intensity can be conveniently written in product
form as

λ∗(t, κ) = λ∗
g(t) f ∗(κ|t) (2)

wheref ∗(κ|t) is the conditional distribution of the marks, given the pasthistoryHt, and
λ∗

g(t) is the conditional intensity of theground processof the occurrence times by them-
selves, irrespective of the mark (but note that the past history now incorporates informa-
tion on the marks as well as the occurrence times of past events). The simulation routines
required for simulating future events then have to be extended to include marks (generated
by the conditional distributionf ∗(κ|t)) as well as occurrence times, but this extends the
numerical computations involved in the routines rather than their inherent difficulty.

The conditional intensity function is not only a useful characteristic of the point pro-
cess, but also identifies it uniquely. It follows that if any useful meaning can be attached
to the concept of thepredictabilityof a point process, it should be expressible in terms of
the conditional intensity. Let us consider for simplicity the case of a stationary (in time)
simple or marked point process, with histories available over the infinite past(−∞, t).

Recall that theentropyof a discrete probability distributionΠ = {pk} is defined by
the quantity

H(Π) = −
∑

pk log pk. (3)

The entropy of a point process (or MPP) over a finite time interval (t, t + ∆) is a more
complicated affair, for two reasons. The first is because it has to take into account, not
just the number of events in the interval, but also their locations within the interval. The
second is that since the locations are specified exactly within a continuum, the entropy
as defined above becomes infinite, and meaningful results have to be obtained by taking
conditional entropies. Here the termlog pk above is replaced bylog(pk/p

o
k) wherepo

k is a
convenientreference probability distribution, which in this context is most conveniently
taken to be that of a stationary Poisson process with the sameaverage rate, saym as the
original process. In the case of an infinitesimal interval(t, t + dt), either no events occur
in the interval, or just one does, with (conditional) probability λ∗(t)dt. Taking out the
conditioning we are left with the expression

E
[

λ∗(t) log
λ∗(t)

m

]

dt ≡ G dt (4)

for the increment in the relative entropy. From stationarity, the coefficient ofdt is inde-
pendent oft, and defines theinformation gain per unit timeG of the given process relative



to the Poisson process with the same ratem. Alternatively, we may divide by the mean
ratem = E[λ∗(t)] to obtain aninformation gain per event, sayGe = G/m.

It is this quantityG, or its equivalentGe, that we suggest as best representing the
predictability of the process. It is essentially a normalized version of the Kullback-Leibler
distance between the distributions of the given point process and the nearest matching
Poisson process, both restricted to a finite interval. The predictability of a Poisson process
is then zero, which reflects its role as the point process withmaximum entropy subject to
a given rate.

Suppose we now think back to the problem of stating the probability forecasts in a
discrete-time setting. The analogous quantity to the conditional intensity is the conditional
probabilityp∗n of an event occurring in the time interval(n, n + 1), given the history of
the outcomes up ton. The expected valueE[p∗n log p∗n] again describes an entropy rate, in
this case per time step. Again it is better to take as the argument of the logarithm the ratio
to a reference probability, say of iid trials with the same expected probability of success
p̄, say. The resulting information gainE[p∗n log(p∗n/p̄)] provides information about the
relative predictability of the two models over a single timestep in the discrete scheme.
Dividing by the length of this time step gives us again an information gain per unit time.
It is then quite easy to show that the information gain for thediscrete forecasting scheme
cannot exceed that of the continuous scheme (for one reason,its forecasts are based on
less of the past history than the continuous scheme). Thus the information gain for the
underlying continuous time model not only provides a numerical characteristic of the
model, but also an upper bound on the effectiveness of forecasts that can be made from
any approximating discrete model.

A more formal treatment of these ideas is in Daley and Vere-Jones (2004), with exam-
ples and illustrations in Harte and Vere-Jones (2005). One particular example from these
papers shows the information gains for a range of renewal process models with gamma-
distributed interevent times. The information gain for a renewal process can be written in
the form

G = m
[

1 − log m +
∫ ∞

0
f(y) log f(y) dy

]

, (5)

wherem is the mean rate andf(y) the density of the interevent distribution. Keeping the
mean rate constant, the highest gains are for the models thatare closest to deterministic,
or else have highly skewed (J-shaped) distributions, leading to very tight clusters (many
short intervals; occasional very large intervals) and major differences from a Poisson
process.

For a MPP the information gain has to be averaged over the gains for different values
of the marks. The corresponding expression is

G = E
[

λ∗(t, κ) log
λ∗(t, κ)

mgf0(κ)

]

= E
[

λ∗
g(t) log

λ∗
g(t)

mg

]

+ mgE
[

log
f ∗(κ|t)

f0(κ)

]

, (6)

wheremg is the ground rate andf0(κ) is the stationary mark distribution. The reference
probability here is taken to be that associated with a compound Poisson process with the
same ground rate as the original process, and mark distribution equal to the stationary
mark distribution of the original process.

We conclude by noting that the above discussion assumes thatthe model iscomplete
in the sense that it specifies not only the probability structure of the point process, but also
of any auxiliary quantities (precursors) which may be used in constructing the forecasts.



In the case of apartial model, where the structure is known conditionally on the obser-
vation of the auxiliary quantities but their distribution remains unknown, the long-term
performance of forecasts also remains unknown, since the long-term behaviour of the
precursors is not specified. For a complete model, expectations can be taken across the
joint distributions of both the auxiliary quantities and the observed points of the process.

3. The assessment of probability forecasts

Early studies on the assessment of prediction schemes were based on decision rules which
resulted either in ’failure’ (the predicted result did not occur) or ’success’ (it did occur).
A probability forecasting scheme as such does not embody anydecision rules; it merely
states the probability of any postulated future event, given the past. To bring such schemes
into play, an arbitrary decision rule - such as forecast thatan event will occur if its fore-
cast probability exceeds some given threshold - has to be imposed. This introduces an
undersirable element of arbitrariness into the assessmentprocedure. Recently, however,
procedures have been developed for summarizing the information in a whole family of
such schemes, as the threshold probability is increased from zero to one. In this section
we shall describe two possible procedures for assessing probability forecasts for point
processes. The first is based on the ideas of information gainintroduced in the preced-
ing section, and the second on procedures for summarizing information over a family of
dichotomous schemes.

Before describing either approach let us first deal with one statistical issue. From the
classical statistical point of view, the crucial issue is not so much assessing the forecast as
assessing the model. Tests of the model should encompass tests based on the forecasts,
since the latter reflect only one aspect of the performance ofthe model.

However, this point of view ignores the fact that the model may be fitted by methods
which do not seek to optimize the forecasting performance ofthe model. It also ignores
the basic point that when the model is uncertain (the one certain thing about earthquake
modelling!) errors in the model specification, or in the parameters within a specified
parametric form, need to be taken into account. In general itis safer to take a weighted
mixture of forecasts from a range of models than to base the forecast exclusively on any
one model, even if this last is optimal in some sense.

For the rest of the discussion, we consider only forecasts for a discrete-time set-up,
and suppose that, by whatever procedure, the forecaster is able to produce a probability,
at each time step, that a specified event will or will not occurwithin the forecast time
interval. Extensions to marked point processes, when the forecaster allocates probabilities
to a range of possible outcomes associated with particular marks, are possible, but through
shortage of space we shall not deal with them here.

3.1 Probability gains and the entropy score

Let us again denote byp∗n the forecast probability of the occurrence of an event at time step
n, and byp̄ some kind of reference probability for the same event, for example the long-
run average probability. Theprobability gainp∗n/p̄ is a natural measure of the performance
of a single forecast in the case that the predicted event actually occurs. Similarly(1 −
p∗n)/(1 − p̄) is a natural measure of the performance when it does not occur. In a good
forecasting scheme, both should be above unity most of the time.



Taking logarithms, and then taking averages over the0 − 1 sequence of eventsXn,
n = 1, 2, . . . , N we obtain theentropy score

ĜN = (1/N)
N

∑

1

{Xn log[p∗n/p̄] + (1 − Xn) log[(1 − p∗n)/(1 − p̄)}, (7)

which is nothing other than the mean log-likelihood ratio(1/N) log[L∗
N/L0

N ], whereL∗
N

is the likelihood of the forecast probabilities, considered as a chained sequence of de-
pendent trials with prescribed conditional probabilities, andL0

N is the likelihood for the
reference model. The expected value of this quantity reverts to the information gainG
when the model used for forecasting is the true model. In general it can be interpreted as
the difference in the Kullback-Leibler distances between the forecast model and the true
model, and the reference model and the true model. In a stationary situation, we expect
the sample valuêGN to converge to its expected value; this leads to the possibility of
usingĜN − G as a statistic for testing the goodness of fit of the model usedto generate
G (Bebbington, 2005). The use of the entropy score is not restricted to situations where
the probabilities are generated from a complete model for the point process. It can be just
as useful when dealing with a partial model, or a purely ad hocspecification of the proba-
bilities. By restricting the summation to special classes of events (for example the events
successfully predicted, or those not predicted, or the events within a certain distance range
of the observation station, etc, it can be used to provide helpful insights into the behaviour
of the forecasts and of the process under study (cf the discussion of forecasts based on
electrical signals in Zhuanget al. (2005)).

3.2 The R-score and the Molchan diagram

Continuing the discussion and notation from the previous section, we consider the com-
monest type of decision rule based on a probability forecast, namely to take action (mean-
ing in most situations to predict the occurrence of the event) if and only if p∗ lies above
a certain thresholdp0. The choice of thresholdp0 is somewhat arbitrary, but in principle
should be based on a cost-benefit analysis of the costs of different outcomes. A common
choice is to takep0 = π, although this can lead to considerable overforecasting whenπ is
small, and in such a situation should be adopted only when thecost of a failure to predict
is substantially higher than the cost of a false alarm.

This framework sets up the basis for classifying the resultsin a2×2 table, with entries,
reading clockwise from the top left corner,
(a) number of successful forecasts of occurrence,
(b) number of failures to predict,
(c) number of successful forecasts of non-occurrence,
(d) number of false alarms.

Let Xn denote the occurrence of the event of interest at timen, andYn the issuance
of a forecast for its occurrence at timen. Thena =

∑N
1 Xn Yn; b =

∑N
1 Xn (1 −

Yn) ; c =
∑N

1 (1 − Xn) (1 − Yn) andd =
∑N

1 (1 − Xn) Yn. Dividing the table entries by
N , to convert the numbers into proportions, and assuming stationarity, the corresponding
expected values can be written as

ρa = E[XY ] , ρb = E[(X(1 − Y )] , ρc = E[(1 − X)(1 − Y )] , ρd = E[(1 − X)Y.

The long-run proportion of the ’time on trial’, namely the proportion of time periods
for which an event is forecast, is then the probabilityτ = E[Y ], while the long-run prob-



ability of occurrence of an event isπ = E[X]. Another important characteristic is the
proportion of occurrences in which there is a failure to predict, which can be approxi-
mately represented asν = E[X(1 − Y )]/E[X].

The commonest score derived from such a table is theHanssen-Kuiper skill score, or
R score,

R =
ac − bd

(a + b)(c + d)
=

a

a + b
−

d

c + d
=

c

c + d
−

b

a + b
. (8)

The middle form, for example, can be interpretated as the proportion of events success-
fully forecast, less the proportion of false alarms out of the total number of non-events.

Using the above notations,

R =
π

τ(1 − τ)
[(1 − ν) − τ ], (9)

showing that the essential contribution to theR − score comes from the difference be-
tween the proportion of successfully predicted events and the proportion of time on trial.

In the case of random forecasts,X andY are independent soE(XY )/E(X) = E(Y ),
that is,1 − ν = τ . Thus the long-run R-score should be zero. In the case of perfect
prediction,Y = X, so E[XY ] = E[X2] = E[X], andν = 0, π = τ , so R = 1.
Similarly in the case of perfect anti-prediction,R = −1.

(Molchan, 1990) suggested the following extension of the procedures derived from
the2 × 2 table, assuming that this is based on the number of probability forecasts over a
nominated thresohold. For every possible thresholdp0, 0 < p0 < 1, plot the proportion
of failures to predict

ν(p0) =
c

a + c

against the fraction of time on forecast

τ(p0) =
a + b

a + b + c + d

The resultingν − τ diagram provides a comprehensive summary of the behaviour of
the probability forecasting scheme. In the case of purely random forecasts, as we have
seen,ν = 1 − τ , and the diagram consists of the diagonal joining the points(0, 1) and
(1, 0). In more general cases, the diagram typically consists of a convex (downwards)
curve lying below the diagonals, and reducing to the two(0, 1) segments of the axes in
the case of perfect prediction.

In fact theν − τ plot is essentially a Q-Q (quantile-quantile) plot of two distribution
functions against each other, the first of the distribution of the time on trial, and the second
(in the opposite sense) of the proportion of failures to predict. Further analysis is given
in Daley and Vere-Jones (2004), where it is shown that the curve will be convex at every
point where an increase in the predicted probability that the event will occur is associated
with an increase in the actual probability of its occurrence. Theν − τ curve based on the
true probabilities lies always below the lineν = 1− τ , and is always convex downwards.
The more predictable the process, the more rapid the initialchange in slope, and the closer
the graph approaches to the extreme case of perfect prediction. Moreover, the curve based
on use of the true probabilities provides a lower envelope for theν − τ curves generated
by other prediction schemes.



Finally, we consider the connection between the entropy score (information gain) and
the Molchan diagram. Although in principle the former can bewritten down in terms of an
integral involving the same quantities entering into the construction of Molchan diagram,
there does not seem to be any simple way of relating the curve to the information gain. It
is one numerical characteristic of the forecasting scheme,but there are many others, such
as the area between the curve and the diagonal, which could also be used to characterize
the predictability of the model. Again some further discussion is given in Harte and Vere-
Jones (2005).
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